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ABSTRACT 

In this paper we investigate discontinuous two-point boundary value prob- 
lems with eigenparameter in the boundary conditions and with transmission 
conditions at the finitely many points of discontinuity. A self-adjoint linear op- 
erator A is defined in a suitable Hilbert space H such that the eigenvalues of 
such a problem coincide with those of A. We obtain asymptotic formulas for 
the eigenvalues and eigenf unctions. Also we show that the eigenfunctions of A 
are complete in H and obtain its Green's function. 



1 Introduction 

It is well-known that many topics in mathematical physics require the investiga- 
tion of eigenvalues and eigenfunctions of Sturm-Liouville type boundary value 
problems. In recent years, more and more researchers are interested in the dis- 
continuous Sturm-Liouville problems and its applications in physics (see [1—30]). 
Various physics applications of this kind problem are found in many literatures, 
including some boundary value problem with transmission conditions that arise 
in the theory of heat and mass transfer (see [9 — 12]). 

Discontinuous Sturm-Liouville problems with supplementary transmission 
conditions at the point(s) of discontinuity have been investigated in [2, 6-9, 
23-27]. 

In this study, we examine eigenvalues and eigenfunctions of the differential 
equation 

TU := —u"{x) + q{x)u{x) — \u{x) (1) 
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on [—1, hi) U (/ii, /12) U ... U {hm, 1] , with boundary conditions 

Tiu := aiu {-1) + a2U {-1) = 0, (2) 
T2U := (/3;A + a) w (1) + (/3;A + 132) u'{l) = (3) 



and transmission conditions at the points of discontinuity x = hi {i = l,m), 

T2i+iu-~u{h^-0)-Siu{h^ + Q) = 0, (4) 
T2i+2U := u {hi - 0) - SiU (ht + 0) = 0, (5) 

where —1 < /ii < /12 < ••• < hm < 1, q{x) is a given real-valued function 
continuous in [— 1, /ii) , (/ii, /12) , {h^A] and has finite limits q{hi ± 0) = 
limx->/i4±o <l{x) (i = 1, m) ; A is a complex eigenvalue parameter; Si (i = 1, m) , aj, otj,j3j, 
[j = 1, 2) are real numbers; |q;i| + |q!2| 7^ and 5i ^ [i = 1, m) . As following 
[10] every where we assume that p = /3i/32 — /3i/32 > 0. 

2 Operator Formulation 

In the Hilbert space H = L2 (—1, 1) © C we define an inner product by 

h-L h2 hs 

{F, G):= Jf {x) J{x)dx + 5ljf {x) J{x)dx + SfS^J f (x) i{x)dx+ 

— 1 hi h2 

m 

m 



for 



III' n 

l[sf f{x)J{^dx + '^fm 

z— 1 , 



following (7) for convenience we put 

Ri (u) := /3i«,(l)-/32u' (1), 
r[{u) :=f3[u{l)-p'^u (1). 

For functionals / (x) , which defined on [—1, hi) U (/ii, /i2) U ... U {hm, 1] and has 
finite limits / {hi ± 0) := \im^^i,i±o f {x) {i =l,m). By /j {x) {i = l,m+ l) 
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we denote the functions 



/i (x) := 



) fm (sj) '■ — 



X G [-l,hi), 



limx^.hi-o/(a;), x = hi, 



/2 {x) := { fix), X G (/i.l,/l2) , ... 

lim^^h2-of{x), x = h2, 



limx^./t„_i+o /(a;), a; = hm-i, 

/(.t), a; G (/i„i_i,/im), 

lima;^,i^_o fix), X = hn, 



fm+i ix) := 



lim^^h^+o fix), X = hm, 

fix), X G ihm, 1] 



which are defined on fli := [—l,hi], fl2 ■= [/ii, ft.2] , f^m '■= [hm-i,h„i] , 
flm+i '■= [hjn, 1] respectively. We can rewrite the considered problem (1) — (5) 
in the operator formulation as 



AF = XF 



where 



and with 



F := 



fix) 

-R'l if) 



eDiA) 



D iA) := |f € H fi ix) , /• ix) are absolutely continuous in Cti (i = 1, m + l) , r/ G 



L2 [-1, 1] , n/ = T2/ = ... = T2„+2/ = and A = R[ if)} 



and 



AF 



rf 

-Ri if) 



Consequently, the problem (1) — (5) can be considered as the eigenvalue problem 
for the operator A. Obviously, we have 

Lemma 2.1. The eigenvalues of the boundary value problem (l)-(5) co- 
incide with those of A, and its eigenf unctions are the first components of the 
corresponding eigenfunctions of A. 

Lemma 2.2. The domain D iA) is dense in H. 
■ fix) 



Proof. Let F 

that 



/i 



4>ix) 



G H, FA-DiA) and Cg" be a functional set such 



(i)iix),x G [-l,hi) , 

(t)2ix),X G (/ll,/l2) , 



^+lix),X G ihm, 1] 



for Mx) e C^[-l,hi), Mx) G C^ihi,h2),...,<f>rn+iix) G C^ihm,!]. Sir 



Cg° ®0 C DiA) (0 G C), any U = 



_ ( uix) 



G ® is orthogonal to F, 
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namely 

hi h'j ha 

{F, U)= jf (x) u {x)dx + Sijf {x) ujxjdx + S'^S^ j / {x) u {x)dx+ 

— 1 h\ h2 

m J. 

... + llS^ f{x)Mx)dx = {f,u),. 

'=1 h 

We can learn that f{x) is orthogonal to Cq^ in [—1, 1], this implies f{x) = 0. 

m 

So for all G = f ^[';^ ] G D{A), {F,G) = '-^fm = 0. Thus /i = 
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since gi = R'^ (g) can be chosen arbitrarily. So f = ^ ^ J , which proves the 
assertation. ■ 

Theorem 2.1. The linear operator A is symmetric in H. 
Proof. Let F, G £ D (A). By two partial integrations, we get 

{AF, G) = {F, AG) + {W if, g;h^-0)-W (/, g;-l)) + S^, {W (/, g;h2-0)-W (/, g; /ii + 0)) 

m 

+ Sl6l {W U,g- h^-Q)-W if, g; + 0)) + ... + {W {f,g; 1) - W (/, g; + 0)) 

i=l 

m 

m 

+ ^ (r[ if) R, {a) - R, if) r[ {g)) (6) 

where 

W{f,g;x) = fix)g' (x) - / {x)g{x) 

denotes the Wronskians of the functions / and g. Since / and g satisiy the 
boundary condition (2), it follows that 

W{f,g;-1) = Q. (7) 

From the transmission conditions (4)- (5) we get 

f W{.f,g;h^-0) = 5lW{J,g-h^+0), 
W{f,g;h2-0)^6iW{f,g; /i2 + 0) , 
: 

I W{f,g;hm-0) = 6lW{f,g;hm + 0). 
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Furthermore, 

R[{f)Ri {g)-Ri if)Rii9) 

= {l3[f{l)- P'J (1)) (1) - 029' (1)) - (1) - p2f' (1)) (A5 (1) - 029 (1)) 

= (/32/3; - Ml) /' (1) 9 (1) + (/32/3i - P2p[) f{l)g' (1) 

= p (/' (1) 5 (1) - / (1) 5' (1)) = ~PW if, 9; 1) . (9) 
Finally, substituting (7)-(9) in (6) then we get 

{AF,G) = {F,AG) {F,GeD{A)) (10) 



Now we can write the following theorem with the helps of Theorem 2.1, 
Naimark's Patching Lemma [28] and using the similar way in [7] 

Theorem 2.2. The linear operator A is self-adjoint in H . 

Corollary 2.1. All eigenvalues of the problem (l)-(5) are real. 

We can now assume that all eigenfunctions are real- valued. 

Corollary 2.2. // Ai and A2 are two different eigenvalues of the problem 
(l)-(5), then the corresponding eigenfunctions ui and U2 of this problem satisfy 
the following equality: 

hi h2 h:, 

J ui (x) U2 {x) dx + 5^ J ui {x) U2 {x) dx + 5\6\ j ui {x) U2 {x) dx+ 

— 1 /ii h-i 

m 

- } W • 

... + / Ml (x) U2 (x) dx = -— — i?i (Ui) i?i (^2) . 

7 — 1 ^ 

ft™ 

In fact this formula means the orthogonality of eigenfunctions ui and U2 in the 
Hubert space H. 

Wc need the following lemma, which can be proved by the same technique 
as in [13] . 

Lemma 2.3. Let the real-valued function q {x) be continuous in [—1, 1] and 
f {X) ,g (A) are given entire functions. Then for any A € C the equation 

—u +q{x)u = \u, a;G[— 1,1] 

has a unique solution u — u{x, A) satisfies the initial conditions 

u{-l) = f (A) ,u'{-l)=g (A) (or u{l) = f (A) , u (1) = g (A)) . 
For each fixed x £[—1,1], u{x,X) is an entire function of A. 
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We shall define two solutions 



(j)X {x) = < 



4>i\ . X e [-1, hi) , 

02A (x) , X G (/ll,/l2) , 

'(m+l)A (x) , X e {h 



and xa {x) = < 



xiA (x), X e , 

X2A {x), X e (/ll,/l2) , 

X(m+1)A (x) , X € {h,n, 1] , 



of the Eq. (1) as follows: Let 4>ix {x) := 4>i {x, A) be the solution of Eq. (1) on 
[—1, hi], which satisfies the initial conditions 



u (-1) = a2, u (-1) 



-ai. 



(11) 



By virtue of Lemma 2.1, after defining this solution, we may define the solution 
(j)2 {x, A) := 02A (x) of Eq. (1) on [hi, h2] by means of the solution (pi {x. A) by 
the initial conditions 



u (hi) = {hi. A) , u (hi) = (5f i<^; {hi. A) , 



(12) 



After defining this solution, we may define the solution 03 {x. A) := {x) of 
Eq. (1) on [/i2, /13] by means of the solution (j)2 {x, A) by the initial conditions 



U (/12) = S2 V2 (/l2, A) , U (/12) = ^2 V2 {^2, A) . 



(13) 



Continuing in this manner, we may define the solution (pim+i) {x, A) := (j)(^m+i)x {x) 
of Eq. (1) on [hm, 1] by means of the solution 0m {x, A) by the initial conditions 



U {hm) = 5m4>m {hm, A) , U {hm) = 5m<t>m (^m, A) . 



(14) 



Therefore, (x. A) satisfies the Eq. (1) on [—l,hi) U (ft.1,/12) U ... U {hm,^\, the 
boundary condition (3), and the transmission conditions (4)-(5). 

Analogically, first we define the solution X(m+i)A {x) ■= X(m+i) {x, A) on 
[hm, 1] by the initial conditions 



u(l)=^2A + /32, u {l) = PiX + pi. 



(15) 



Again, after defining this solution, we may define the solution XmA (x) := 
Xm {x, A) of the Eq. (1) on [hm-i, hm] by the initial conditions 



U {hm) = SmXrn+l {hm, A) , U (hm) = ^mXm+l {hm, A) . 



(16) 



Continuing in this manner, we may define the solution xiA (x) := Xi {x. A) of 
the Eq. (1) on [—1, hi] by the initial conditions 



u (hi) = diX2 {hi. A) , u (hi) = 61X2 {hi,^) ■ 



(17) 



Therefore, x {x, A) satisfies the Eq. (1) on [—1, hi) U {hi,h2) U ... U {hm, 1], the 
boundary condition (3), and the transmission conditions (4)-(5). 
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It is obvious that the Wronskians 

uji (A) := Wa {(f>i,Xi; x) := (t)i {x, A) x'i {x, A)-0- (a;, A) Xi {x, A) , a; G Oj (i = l,m+ l) 

are independent of a; € fii and entire functions. 

Lemma 2.4. For each A G C, wi (A) = (5ia;2 (A) = (^i^l^s (A) = ... = 

Proof. By the means of (12), (13), (14), (16) and (17), the short calculation 
gives 

Wx {cPuXi; hi) = dfWx (</>2, X2; /ii) = SjWx {h,X3; h2) = 5l5lWx {<p3, Xa; h2) 

= SfS^Wx ((/>4,X4;/l3) = - = (fl^i^ {<l>m+l,Xm+i;hm) 

so cji (A) = 6luj2 (A) = 6lSicj3 (A) = ... = (fl^^^ '^^n+i (A) . ■ 
Now we may introduce the characteristic function 

uj (A) := LOi (A) = Sluj2 (A) = SlSjujs (A) = ... = {f[^i^ ^rn+i (A) . 

Theorem 2.3. The eigenvalues of the problem (l)-(5) are the zeros of the 
function lo (A) . 

Proof. Let u;(Ao) ~ 0. Then Wxo (</*!, Xii 2:) = and therefore the functions 
(t>i\o {x) and xiAo {x) are linearly dependent, i.e. 

XiAo {x) = fci(/)iAo (a;) , X e [-1, hi] 

for some ki ^ 0. From this, it follows that x(x.Xa) satisfies also the first 
boimdary condition (2), so x {x, Ao) is an eigenfunetion of the problem (1) — (5) 
corresponding to this eigenvalue Aq. 

Now we let {x) be any eigenfunetion corresponding to eigenvalue Aq, but 
io (Ao) ^ 0. Then the functions 0i, Xi) 02) X2) ■•■) <Pm+ijXm+i would be linearly 
independent on [—1, hi] , [hi, /12] and [hm, 1] respectively. Therefore Uq (x) may 
be represented in the following form 



uo {x) 



ci(^i (x, Ao) + C2X1 {x, Ao) , X G [-1, hi) , 
C302 (a:, Ao) + C4X2 (x, Ao) , X G (/ii, /i2) , 

. C2m+10m+l (X, Ao) + C2m+2Xm+l (a;, Ao) , X G (/im, 1] . 



where at least one of the constants ci, C2, C2rn+2 is not zero. Considering the 
equations 

Tv {uo (x)) =0, v = 1,2m + 2 (18) 



7 



as the homogenous system of linear equations of the variables ci, C2, C2n+2 
and taking (12), (13), (14), (16) and (17) into account, it follows that the 
determinant of this system is 



wi (Ao) 

•/-lAo {hi) XiXo (hi) 







-^102Ao (hi) -Sl(j)2Xo (hi) 



-Sm4'[m+l)Xo ^^"^^ ~^mX(m+l)Xo ^^"^^ 
<^m+l (Ao) 



Therefore, the system (18) has only the trivial solution = (i = 1,2m + 2). 
Thus we get a contradiction, which completes the proof. ■ 

Lemma 2.5. // A = Aq is an eigenvalue, then (j) (x, Ac) and x {x, Ac) are 

linearly dependent. 

Proof. Let A = Ao be an eigenvalue. Then by virtue of Theorem 2.2 



and hence 



W i(l)iXo , XiXo ]x)=uji (Ao) = 



XiXo (x) = h<i)iXa {x) (i = 1, m + l) 



(19) 



for some ki / 0, fc2 7^ 0, fcm+i 7^ 0, We must show that ki — k2 = ... = km+i- 
Suppose, if possible, that km ^ km+i- 

Taking into account the definitions of the solutions {x, A) and Xi {x, A) 
from the equalities (19), we have 

T2m+1 (XAo) = XAo {hm - 0) - S^XXo {hm + 0) = XmAo (/^m) - 5„iX{rn+l)Xa i^m) 

— f^m'Pm (hm) ~ '^m^m+l'/'m+l (^m) — km^m^Pm+l {hm) ~ Smkm+l4'm+l ihm) 
= 5m {km — km+l) 4>m+l (hm) = 0. 



since T2m+i ixxo) = and 5m {km - km+i) ^ 0, it follows that 

</>(m+l)Ao (^m) = 0. 

By the same procedure from T2n+2 {xxo ) = we can derive that 

'?^(m+l)Ao {hm) = 0. 

From the fact that 



(20) 



(21) 



(m+i)Ao {^) is a solution of the differential equation (1) 
on [hm, 1] and satisfies the initial conditions (20) and (21), it follows that 
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</'(m+i)Ao i^) = identically on because of the well-known existence 

and uniqueness theorem for the initial value problems of the ordinary linear 
differential equations. Making use of (14), (19) and (20), we may also derive 
that 

4'm\„ (hrn) = (t>m\„ (^m) = (22) 

Continuing in this matter, we may also find that 



-l)Ao {hm-l) = 4>{rn-l)Xo i^rn-l) = 0. 



(t>i\o {hi) = {hi) = 0. 



(23) 



identically on [/i„i_i, /im] , [— 1, /ii] respectively. Hence (/)(x, Aq) = identi- 
cally on [— 1, /ii) U (/ii, /12) U ... U {hm, !]■ But this contradicts with (11). Hence 
km = km+i- Analogically we can prove that km-i = km,---,k2 = k^ and ki = fe. 
■ 

Corollary 2.3. // A = Aq is an eigenvalue, then both (p {x, Xq) and x {^^ ^0) 
are eigenf unctions corresponding to this eigenvalue. 

Lemma 2.6. All eigenvalues A„ are simple zeros of w(A). 
Proof. Using the Lagrange's formula (cf. [28], p. 6-7), it can be shown that 

hi h2 h3 

(A - Xm) I / (l>\ {x) 0A„ {x) dx + Sf j 0A {x) 0a„ {x) dx + 6j6l j (j)x {x) 0a„ {x) dx+ 

hi h2 



...+ 



(t>\ {x) (p\n {x) dx 



ll6UW{^x,^x^;l) (24) 



'^1=1 



for any A. Recall that 

X\„ {x) = k„(j)x„ {x), X e [-1, hi) U {hi, /12) U ... U {hm, 1] 

for some A:„ ^ 0, n = 1, 2, .... Using this equality for the right side of (24), we 
have 



9a,<Pa„ 



1) 



1 



1 



1^(0A,XA„;1) , 



XnR'i (0a) + Rl {M) 



1 

kn 



Uj{X)-{X-Xn)Ri ((/.a) 



= (A - A„ 



kn 



' ^(A) 

A — An 



- Rl {M 
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Substituting this formula in (24) and letting A — >^ A„, we get 

hi h2 h'i m 1 

j {cl>x^ {x)f dx + 5lj {<Px„ {x)f dx + 5l5lj (</)A„ {x)f dx + ... + \[5l j {cj^^^ {a 

-1 hi h2 ^""^ hm 

m 

m 

= ^(a;'(A„)-i?;(<^Aj). (25) 
Now putting 

in (25) we get J (A„) ^ 0. ■ 

Definition 2.1. The geometric multiplicity of an eigenvalue A of the prob- 
lem (l)-(5) is the dim,ension of its eigenspace, i.e. the number of its linearly 
independent eigenf unctions. 

Theorem 2.4. All eigenvalues of the problem (l)-(5) are geometrically 
simple. 

Proof. If / and g are two eigenfunctions for an eigenvalue Aq of (l)-(5) then 
(2) implies that /(—I) = cg{—l) and /'(—I) = cg'{—l) for some constant c G C. 
By the uniqueness theorem for solutions of ordinary differential equation and 
the transmission conditions (4)-(5), we have that f = eg on [—l,h\\ , [/ii,/i2] 
and [km, !]• Thus the geometric multiplicity of Aq is one. ■ 

3 Asymptotic approximate formulas of uj (A) for 
four distinct cases 

We start by proving some lemmas. 

Lemma 3.1. Let (j){x,\) be the solutions of Eq. (1) defined in Section 2, 
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and let A = s^.Then the following integral equations hold for fc = 0, 1 : 
"J^iA (^) ~ ^2 (coss {x + 1))^''^ — ai - (sins (a; + l))^*'^ 

X 

+\j {s.\-a.s{x-y))^^\(y) 0ia (y)dy, 
-1 

(l>2X {x) = j-^cpix {hi) (coss (a; - /ii))^*^ + ^j^4>'ix (^i) (sins (a; - hi))^''^ 

X 

+i j (sins (a; - y))^'^' q {y) ^2X iv) dy, 

hi 

'/'(m+l)A i^) = ^^rnX {hm) (cOS S (x - km))''''^ + i^^^^A C^m) {sms{x - hm)^^^ 

X 

+ \ j (sin s (a; - y)f''^ q {y) ^!>(„+i)a (y) dy, 

hm 

(26) 

where {.f^ = 

Proof. It is enough to substitute s^4>ix {.y)+4>[x iv) ' *^^2A (y)+</'2A (2/) ' s^'P(m+i)\ {y)+ 

<^'('m+i)A (?-/) instead of q (y) (t>ix (y) , q (y) (j)2\ (y) , q (y) (t>(rn+i)x iv) in the integral 
terms of the (26), respectively, and integrate by parts twice. ■ 

Lemma 3.2. Let A = s^, Ims = t. Then the functions {x) have the 
following a,sym.ptotic formulas for |A| — >■ oo, which hold uniformly for x G Qi 
(for i = l,m + I and k = 0, 1.) : 



,(fc) 



(a;) = a2 (coss (a; + !))<'=) + O (jsl'^"' e\t\(^+^)^ , 
'^2A (x) - f (cos s {X + + O {\st' el*l(^+^)) , 

1=1 

if a2 7^ 0, 

^'^-^^ (^) = _^ (sins + 1))^=' + O {\sf-' el*l(-+i)) , 
02A W = (Sin. (X + 1))^=) + O {\sf-' el*l(^+^)) , 



C^,)x (-) = -- ^ (sin. (. + 1))^'=' + O {\st' el*l(^+^)) (28) 
sl[5i 

i=l 
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if Q2 = 0. 

Proof. Since the proof of the formulae for ipix (x) is identical to Titchmarsh's 
proof to similar results for (p\ (x) (see [29], Lemma 1.7 p. 9-10), we may formu- 
late them without proving them here. 

Since the proof of the formulae for 02A {x) and 03a (x) are identical to 
Kadakal's and Mukhtarov's proof to similar results for (px (x) (see [6], Lemma 
3.2 p. 1373-1375), we may formulate them without proving them here. But 
the similar formulae for (/)4a (x) , (/>(„_|_i);^(x) need individual consideration, 
since the last solutions are defined by the initial conditions of these special 
nonstandart forms. We shall only prove the formula (27) for k = and m = 3. 

Let a2 ^ 0. Then according to (27) for m = 2 



(p3X (/is) 



= Ct2<- 

l7 



COSS (/l3 — /I2) 



: COS S (/l2 — hi) COS S {hi + 1) 



— -sins (/i2 — hi) sins {hi + 1) 



+ \ coss (/i2 — hi) sins {hi + 1) 




sin s (/13 — /12) 

7 



: sin s (/i2 — hi) cos s {hi + 1) 



|+o(|s|-^ 



.\mh3-h2)+{h2-h 



and 

^SA (/is) = Q!2 S - - sins (/13 - /12) 
I 7 

1 



- cos s (/i2 — hi) COS s {hi + 1) 




- sin s (/12 — /ii) sin s (/ii + 1) 
-1-7 coss (/i2 — /ii) sins {hi + 1) 



- coss (/13 - /12) 




- sin s (/12 — /ii) cos s{hi + l) 




Substituting these asymptotic expressions into (26), we get 



04A {x) = Q!2 I ^ (cos s{x - hs)) \^ cos S (/is - /I2) 



- cos S (/l2 — /ll) COS S (/li -|- 1) 




— - sins (/i2 — /ii) sins {hi + 1) 
d 

7i 

-h-p- COSS (/i2 — /ll) sins (/ll -|- 1) 



- sins (/13 - /12) 
7 



-r sin S (/l2 — /ll) COS S (/ll + 1) 




S'l 



sin s (x 



- /is) j-si 
l7 



sins (/13 - /12) 



1 1 

- cos s (/12 — /ll) COS s{hi + l) — - sin s (/12 — /ii) sin s (/ii -|- 1) 




1 

7 



X COSS (ft,3 — ^,2) \ sins (/12 — /ii) coss {hi + 1) + \ coss (/12 — hi) sins (/ii + 1) 
[0 

-J sms{x-y)q {y) (t>ix {y) dy + O (isf' el*l[(^-'^^)+(''=*-'*^)+(''=-'*i'+(''i+i)l) 



-I- 



(29) 
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Multiplying through by e-l*l[(^-''3)+(''3-/»2)+(ft2-?ii)+(?ii+i)]^ ^nd denoting 
F4A {x) := e-l*l[(^-''3)+(''3-'^2)+(ft2-fti)+(fti+i)]^^^ 

we have 

F4A (a;) := a2e-l*l[(^-''^)+(''^-''^^+(''^-''^)+('^^+i)] / 1 cos s (a; - /ig) ( - cos s (/13 - /12) 



\ coss (/i2 — /ii) coss (/ii + 1) — i sins (/12 — /ii) sins (/ii + 1) 


\ sins (/i2 — /ii) coss {hi + 1) + - coss (/12 — hi) sins (/ii + 1) 




sins (/13 - /i2) 



— sins (x — hs) 
V 



sins (/13 - /12) 



+ - coss - /12) 
7 



^ cos s (/i2 — hi) COS s (/ii + 1) — ^ sin s (/12 — /ii) sin s (/ii + 1) 


i sin s (/12 — /ii) cos s (/ii + 1) + i COS s (/12 — hi) sin s (ft-i + 1) 




X 

+ -J sms{x-y)q {y) e-l*l[(^-''3)+(''3-fc2)+(fc2-?M)+(?M+i)]^^^ ^ ^ {\^\~^) ■ 

h3 

Denoting M := maxjjgj/jg^ij \F4x {x)\ from the last formula, it follows that 

1,2 2 2 M(X) } , , , Mo 

for some Mq > 0. From this, it follows that M (A) = O (1) as A — > 00, so 

(f>4X (x) = O (e^t\[(x-h3) + {h3-h2) + {h2-hi) + {hi + l)]'^ _ 

Substituting this back into the integral on the right side of (29) yields (27) for 
k = and m = 3. The other cases may be considered analogically. ■ 

Theorem 3.1. Let X = s"^, t = Ims. Then the characteristic function cj (A) 
has the following asymptotic formulas: 

Case 1: If /3'2y^0, a2y^ 0, then 



uj (A) = ^^a2s3 sin 2s + O (|s|' e^l*') . 

Case 2: If /3'2j^0, a2= 0, then 

w(A) = -/3^ais2 (fl^i^ cos2s + o(|s|^e'l*l) . 
Case 3: If = 0, a2 7^ 0, then 

uj{\)^P[a2S^ [fj<5n cos2s + o(|s|'e'l*l) . 



(30) 



(31) 



(32) 
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Case 4' If 02 = 0, a2 = 0, then 

uj (A) = -0[ais lf[6^ J sin2s + O [\sf e^l*') . 



(33) 



Proof. The proof is completed by substituting (27) and (28) into the represen- 
tation 

^ W = (fl^i^ ^"^+1 = (^'^'^) "'^^""^^'^ X(m+1)A (1) - 4'[m+l)X (1) x[m+l)X W 
= (fr') [(^/^l + hm+l)X (1) - (A/3; + h) ^^m+l)X (1)' 

= (n-^') (/3l'/'(m+l)A (1) - Mim+l)X (1)) + {M(m+l)X (1) - /32</>'(„+i)A (1)) 

Crn \ / ni \ / m \ 

n^n /32</''(n»+i)A (1) + A f n^n /^i-^c^+da (i) + ( n^n - /^^-^i^+DA (i) 

+ ( /3l'/'(m+l)A (1) • (34) 



Corollary 3.1. The eigenvalues of the problem (l)-(5) are hounded below. 
Proof. Putting s = it {t > 0) in the above formulas, it follows that u (— i^) — ? 
00 as f — >■ cx). Therefore, a; (A) ^ for A negative and sufficiently large. ■ 



4 Asymptotic formulas for eigenvalues and eigen- 
functions 

Now we can obtain the asymptotic approximation formulae for the eigenvalues 
of the considered problem (l)-(5). 

Since the eigenvalues coincide with the zeros of the entire function Um+i (A), 
it follows that they have no finite limit. Moreover, we know from Corollaries 
2.1 and 3.1 that all eigenvalues are real and bounded below. Hence, we may 
renumber them as Ao < Ai < A2 < listed according to their multiplicity. 

Theorem 4.1. The eigenvalues A„ = s^, n = 0,1,2,... of the problem 
(l)-(5) have the following asymptotic formulae for n ^ 00 : 

Case 1: If fi^'^Q^ct^'^ 0, then 

Case 2: If ^^^{S,a2= 0, then 
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Case 3: If P2=0,a2¥' 0, then 



"("-^^ '0('-]. (37) 



2 \n 
Case 4- = 0, a2 = 0, then 

.„.^ + o(i)^ (38, 

Proof. Wc shall only consider the first ease. The other cases may be considered 
similarly. Denoting uii (s) and ui2 (s) the first and O-term of the right of (42) 
repectively, we shall apply the well-known Rouche's theorem, which asserts that 
if f (s) and g (s) are analytic inside and on a closed contour C, and \g {s)\ < 
1/ (s)| on C, then / (s) and / (s) + g (s) have the same number zeros inside C, 
provided that each zero is counted according to their multiplicity. It is readily 
shown that \coi (s)| > \i02 (s)| on the contours 

for sufficiently large n. 

Let Aq < Ai < A2 < ... be zeros of w (A) and A„ = s^. Since inside the 
contour C„, ZUi (s) has zeros at points s = and s = k = ±1, ±2, ±n. 

Sn=^^^+5^ (39) 

where 5n = O (1) for sufficiently large n. By substituting this in (30), we derive 
that (5„ = O (i) , which completes the proof. ■ 

The next approximation for the eigenvalues may be obtained by the following 
procedure. For this, we shall suppose that q {y) is of bounded variation in [—1, 1]. 

Firstly we consider the case ,/32 ^ and a2 7^ 0. Putting x = hi,x = 
h2,---,x = km in (26) and then substituting in the expression of 4'(^m+i)x^ 
get that 

hi 

I Ci2 Oil 1 f 

(l'{m+i)\ (1) = s-f^ sin 2s - cos 2s + / cos {s{l-y))q (y) ^ix {y) dy 

u^. n^. n^. -A 

i=l i=l \i=l / 

h2 h3 

+ \ J ~ ^ ^'^^ '^y / ^ \ J ~ ^ ^'^^ '^^ 

[lis j hi [J[sjh2 

/im 1 

+ - + ^ J COS {s {1 - y)) q (y) 4>mx {y) dy. + j COS {s{l-y))q {y)(j)(^rn+i)x{y)dy. 
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Substituting (27) into the right side of the last integral equality then gives 



?^(m+i)A(l) = ^^cos2s+ ^ / cos {s {1 - y)) cos {s {1 + y j) q {y) dy 



U^. U^. lis. 



i=l 



+ 



a2 



"2 

J COS (s (1 - y)) cos {s (1 + y)) q (y) dy+ 



Q.1 



cos (s (1 - y)) cos (s (1 + y)) q {y) dy + O (\s\-^ e^l*') 



On the other hand, from (27), it follows that 

.cos2s + o(h-^2|*|). 



^+l)A (1) 



Putting these formulas into (34), we have 

/ \ 



w (A) = — sm 2s + 



i=l 



cos2s 



02 



hi 



P2 



h2 



N / COS (s (1 - y)) q (y) (j)ix (y) dy - 



cos (s (1 - y)) q (y) (j)2x {y) dy- 



P2_ 
Sm 



j COS {s (1 - y)) q [y) (j)m\ {y) dy - P^'^ j cos (s (1 - y)) q [y) (j){m.+i)x iv) dy 



Putting (39) in the last equality we find that 



sin (2(5„) 



cos (2(5„) 



W + /i \ [ A \ [ cos(2s„y)g(?/)dy 



\i=l 



(40) 
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Recalling that q{y) is of bounded variation in [—1,1], and applying the well- 
known Riemann-Lebesque Lemma (see [25], p. 48, Theorem 4.12) to the second 
integral on the right in (40), this term is O (i) . As a result, from (40) it follows 
that 



Sn = 



TT (n — 1) 
Substituting in (40), we have 



P'2 "2 



9 (y) dy 



+ o[ — 



7r(n-l) 1 



TT (n — 1) 



^2 "2 



2 n^, 



Q (y) dy 



\i=l / 

Similar formulas in the other cases are as follows: 
In case 2: 



01 — 



n (r 



Pi 

02 



q (y) dy 



In case 3: 



+ 



/3'i a2 



2 ms, 



Q (y) dy 



+ 



In case 4: 



7rn 1 

Sn = -^-\ 

2 irn 



P2 

/3[ 



2 n^. 



1 (y) dy 



O 



Recalling that (j){x,\n) is an eigenfunction according to the eigenvalue A„ and 
by putting (35) into the (27) we obtain that 



^1A„ {x) = "2 COS 



7r(;( - 1) (.r + 1) 



O 
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02A„ (.) = ^ cos f ^ j + ^ U ' ' 



a2 /7r(ri-l)(^+l)\ /I 
'(m+i)A„ (a;) = cos )^^\n 



i=l 

in the first case. Consequently, if 7^ and a2 7^ 0, then the eigenfunction 
(j){x,\n) has the following asymptotic formulae 

' a2Cos ^("-^»-+^) Uo(l), xe[-lM) 



0(a;,A„) 



= < 



ff cos ^ 2 



^ cos 



^)+0(i), a;e(/^™,i] 



which holds uniformly for x G [—1, /ii) U (h\,hi) U ... L 
Similar formulas in the other cases are as follows: 
In case 2 

-^sin(^i!^Z^)+0(J.), 

sin ( -(-y-^^^ ) + O (^) , X e /.2) 



(/>(a;, A„) 



= < 



^ sin 



In case 3 



(A (a;, A„) 



«,cos(^i!^4^Uo(i), x^\-XM) 



= < 



ff cos I 

-^cos( -("-y-^^^ )+Q(i), 
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In case 4 




X e [-i,/ii) 
X e (/ii,/i2) 



(?i(a;, A„) 



< 



( 




sin(=i|±i))+0(J,) 



All these asymptotic formulas hold uniformly for a; e [— 1, /ii) U (/ii, /i2) U ... U 

(/im,l]- 

5 Completeness of eigenfunctions 

Theorem 5.1 The operator A has only point spectrum, i.e., a (A) = Up [A) . 
Proof. It suffices to prove that if r} is not an eigenvalue of A, then G cr {A) . 
Since A is self- adjoint, we only consider a real r/. We investigate the equation 



{A-n)Y = F & where F = 




Let us consider the initial-value problem 

( Ty-r]y = f, xG [-1, /ii) U (/ii, /is) U ... U 1] 



aiy{-l) + a2y (-1) = 0, 
y {h, - 0) - d^y [h., + 0) = 0, 
y' [hi - 0) - d,y' {hi + 0) = 0. 



(41) 



Let u {x) be the solution of the equation tu — r]u = satisfying 




In fact 



u{x) = < 



Ml (a;) , X e [-1, hi) , 
U2{x), xe{hi,h2), 



{x), X€{hm,l], 

where Ui {x) is the unique solution of the initial- value problem 




U2 {x) is the unique solution of the problem 




19 



U3 (x) is the unique solution of the problem 



—u"+q{x)u = r]u, x <^ {h2,hz) ■ 
u {h2 - 0) = 62U (/l2 + 0) , 
u' (/l2 - 0) = 62U' {h2 + 0) , 



and Um+i [x) is the unique solution of the problem 

-u + q{x)u = rju, X G [hm, 1] , 

U {hra - 0) = 5mU {km + 0) , 
U' {hm - 0) = 6mU' {hrn + 0) . 



Let 



wi (x) , a; € [—1, /ii) , 
W2 {x) , X & {hi,h2) , 



w{x) = < 

Wm+l {x) , X e {h 

be a solution of tw — r]iu = f satisfying 

aiw (—1) + a2W (— 1) = 0, 
u' {h, - 0) = SiW {hi + 0) , 
w' {hi - 0) = 6iw' {hi + 0) . 

Then, (41) has the general solution 
y{x) = < 



dui + Wi, X G [-1, hi) , 

du2 +W2, X e (/ll,/l2) , 



_ dUm+1 + Wm+l, X G {hm, 1] , 

where d G C. 

Since ry is not an eigenvalue of the problem (1) — (5) , we have 

V [l3[Um+l (1) + PWm+li^)] + [/3lUm+l (1) + p2u'm+A^)] ^ 0. 

The second component of {A — r])Y = F involves the equation 

-iJi {y)-vR'i{y) = h, 

namely, 

[-piy (1) - /32y'(i)] - V [P'lV (1) + = A- 

Substituting (42) into (44), we get 

(-/32Mm+l (1) - /3lUm+l (1) - 'nP2Um+l (1) " f?AWm+l (1)) d 
= /l + PlWm+1 (1) + /32W„+i (1) + ?7/3lWm+l (1) + VP2Wm+l W 
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In view of (43), we know that d is uniquely solvable. Therefore, y is uniquely 
determined. 

The above arguments show that {A — r]I)~^ is defined on all of H, where I 
is identity matrix. We obtain that {A — rjl) ^ is bounded by Theorem 2.2 and 
the Closed Graph Theorem. Thus, r] € a{A). Therefore, a {A) = ap {A) . m 

The following lemma may be easily proved by using the same technique in 

[7]. 

Lemma 5.1 The eigenvalues of the boundary value problem (1) — (5) are 
bounded below, and they are countably infinite and can cluster only at oo. 

For every 5 6 M \ Cp (A) , wc have the following immediate conclusion. 

Lemma 5.2 Let A be an eigenvalue of A — 61, and V a corresponding eigen- 
function. Then, is an eigenvalue of {A — 6I)~^ , and V is a corresponding 
eigenf unction. The converse is also true. 

On the other hand, if /z is an eigenvalue of A and t/ is a corresponding 
eigenfunction, then /x — ^ is an eigenvalue of A — 61, and f/ is a corresponding 
eigcnfunction. The converse is also true. Accordingly, the discussion about 
the completeness of the eigenfunctions of A is equivalent to considering the 
corresponding property of {A — 6I)~^ . 

By Lemma 1.1, Lemma 3.1 and Corollary 1.1, wc suppose that {A„; n G N} 
is the real sequence of eigenvalues of A, then {A„ — 6; n G N} is the sequence 
of eigenvalues of A — 61. We may assume that 

|Ai -5\< |A2 -5\< ... < |A„ - ^1 < ... 00. 

Let {/i„; n e N} be the sequence of eigenvalues of {A — 6I)~^ . Then /i„ = 
(A„ — 6)~^ and 

|/ii| > |/i2| > ... > \^ln\ > ... ^0. 

Note that is not an eigenvalue of {A — 6I)~^ . 

Theorem 5.2 The operator A has compact resolvents, i.e, for each 6 G 

R \ (Tp (A) , {A — 61) ^ is compact on H. 

Proof. Let {ijli,ijl2, ■■■} be the eigenvalues of {A — 6I)~^ , and {Pi,P2, ...} the 
orthogonal projections of finite rank onto the corresponding eigenspaces. Since 

{ill, ^2) is a bounded sequence and all P„/s are mutually orthogonal, we 
have X^^i l^nPn is strongly convergent to the bounded operator {A — SI) ^ , 
i.e., {A — 61) ^ — Yl'^=il''nPn- Because for every a > 0, the number of /i„/s 
satisfying > a is finite, and all P„/s are of finite rank, we obtain that 
{A — 61) ^ is compact. ■ 

In terms of the above statements and the spectral theorem for compact 
operators, we obtain the following theorem. 

Theorem 5.3 The eigenfunctions of the problem (1) — (5) , augmented to 
become eigenfunctions of A, are complete in H, i.e., if we let 

be a maximum set of orthonormal eigenfunctions of A, where (x) ; n G N} 
are eigenfunctions of (1) — (5) , then for all F € H, F = X^^i {F, $„) 
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6 Green's Function 

Let us consider the following differential equation: 

- u"{x) + q{x)u{x) - \u{x) = - f{x), X G J (45) 

together with the eigenparameter-dependent boundary and transmission condi- 
tions (2)-(5) where J = [-1, hi) U (/ii, /12) U ... U {hm, 1] • 

We can represent the general solution ^0(2;) of homogenous differential equa- 
tion (1), appropriate to Eq. (45), where uo{x) is defined in Section 2. By apply- 
ing the standart method of variation of constants, we shall search the general 
solution of the non-homogenous differential equation (45) in the form 



U{x) 



Ci [x, A) 01 {x, A) + C2 (x, A) xi {x, A) , x e [-f , hi) , 
C3 {x, A) <j)2 {x, A) + C4 {x, A) X2 [x, A) , X G (fti, /i2) , 



, C2m+1 {X, A) (j)m+l {X, A) -|- C2m+2 {x, A) Xm+1 {x, A) , X G {hm, 1] , 

(46) 

where the functions Ci{x, A) (i = 1, 2m + 2) satisiy the linear system of equation 

C'l {x, A) 01 {x, A) + {x, A) XI {x, A) = 0, 
C'l {x, A) 0'i (a;, A) + (x, A) xi (a;, A) = fix) 

for a; G [—1, /ii) , 

(x, A) 02 (a;, A) + Ci {x, A) X2 [x, A) = 0, 
(x, A) 0^ (a;, A) + Ci (x, A) x^ (x, A) = /(a;) 

for X G (/ii, /12) , and 

C2m+i (a;, A) 0™+i (x, A) + C2m+2 (x, A) Xm+1 (a;. A) = 0, 

A) = fix) 

for a; € (/im) !]• Because of the characteristic function oj (A) ^ 0, the following 
relations can be easily obtained: 

Ci {x, A) = / ' fxidy+Ci, C2 {x, A) = — ^ / f<t>idy+C2, x G [-1, hi) , 

(A) 7x '^1 (A) 7-1 

1 /"^^^ 1 
C3{x,X) = — — - / fx2dy+C3, C4{x,X) = — — / f(j)2dy+C4, xe(/ii,/i2), 
'^2 (A) Ja, a;2 (A) Jh^ 



1 

C2m+1 (a;, A) = T-T- / fXm+ldy + C2m+\, X G {hm, 1] , 

Jx 

C2m+2 (a;, A) = — - / f(pm+ldy + C2m+2, X G {km, 1] • 

<^TO+1 [^) Jhm 
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Here Ci [i = 1,2m + 2) are arbitrary constants. Substituting the above equa- 
tions in (46), the general solution of the non- homogenous differential Eq. (45) 
are obtained as follows: 



U{x,X) 



t fXidy + ^ f-, f^idy + C,^, {x, A) + Cxi {X, X) , x € [-1, h,) 
^ t fX2dy + ^ fhdy + Cs<j>2 {X, A) + C4X2 {X, A) , x G {h^, h,) , 



C2m+l<t>m+l {X, A) + C2m+2Xm+l {x, A) , X £ {hm, 1] 

(47) 

where Cj (i = 1,2m + 2) are arbitrary constants. By differentiating (47) we 
have 



U'{x, A) 



t fxidy + ^ f<l>idy + C,4>', {X, A) + C2xi {x,\), xG[-l, h,) , 



012 



t fX2dy + £ fhdy + C3cf>', {x, A) + C^x^ {x, X), XG {h,, h^) , 

(X.X) r-X 



%^ !l fXm^idy + f^^^,dy+ 

{x,X) + C2m+2X'm+li.X,X), X € {hm,l] ■ 

(48) 

By using the system of Eq. (29) and the proof process of Theorem 2.3, the 
following equahties are obtained for ([/) , i = 1, 2m + 2 : 

n iU) = G2UJX (A) , 

T2 iJJ) = C2m+lW2 (A) , 



T3(C/) 



h{hi + 0,X) 



i 



^'~\ . X2(/ii+0,A) 
fX2dy - 

hi+O 



h, -0 



fil>idy- 



(49i) 
(492) 

(493) 



'^2(A) Jh,+o wi(A) j_i 

Ci</.2 {hi + 0, A) - C2X2 {hi + 0, A) + C302 (/ii + 0, A) + C4X2 {hi + 0, A) , 



T4(C/) = 



<^2 (^1 + 0, A) 



/12-0 



fX2dy - 



X'2 (/»i+0,A) 



7-1 • 



/</)irfy- (494) 



'^2 (A) Jh,+o wi(A) 
Ci</.^ (/ii + 0, A) - C2X2 {hi + 0, A) + Cs^^ {hi + 0, A) + C4X2 (/ii + 0, A) , 



n{U) = 



h (/i2 + 0,A) 



'^-^ , . X3 (fe2 + 0,A) /•''-° 



(495 



W3 (A) y,,,+o ^2 (A) 

C3</.3 (/l2 + 0, A) - C4X3 (/l2 + 0, A) + C5</'3 (/l2 + 0, A) + C6X3 (/l2 + 0, A) , 



T6(C/) 



'/'a (/i2 + 0. A) 



/xac'y - 



x:i(/'2+o,A) 



/l2-0 



f<l>2dy- 



(496) 



W3(A) A2+0 a;2(A) j^i+o 

C303 (/i2 + 0, A) - C4X3 {h2 + 0, A) + C50^ (/12 + 0, A) + C6X3 (/i2 + 0, A) , 



23 



T2m+i {U) = -r- / fxm+idy / /(pmdy 



— C2m-l(t^m+l {hm + 0, A) — C2mXm+l {hm + 0, A) 

+ C2m+l<i>m+l {hm + 0, A) + C2m+2Xm+l {hm + 0, A) , 



(492: 



m+lj 



T2m+2 {U) = TTT / fXm+ldy ^ — / f(t)mdy 

Wm+1 V^j Jhm+O [^) Jhm-i+0 

(492x„+2) 

- C2m-l(t>'m+l {hm + 0, A) - C2mX'm+l {hm + 0, A) 

+ C2m+l(l>'m+\ {hm + 0, A) + C2m+2x!m+l {hm + 0, A) . 

Because of U{x,X) is a solution and w(A) ^ 0, from boundary condition (2) 
and equality (49i) we have C2 = 0. Similarly from equality (492) and boundary 
condition (3) we have C2m+i = 0. 

On the other hand, by taking into account Eqs. (493)-(492m+2) and trans- 
mission conditions (4)- (5), the following linear equation system according to the 
variables Ci, C3, C4, C5, Cg, C2m, C2m+2 arc obtained as: 

Ci(/.2 {hi + 0, A) - C302 {hi + 0, A) - CiX2 {hi + 0, A) = 

fX2dy - f^^dy, 
Ci(f>'^ {hi + 0, A) - C3(l>'2 {hi + 0, A) - C4X2 {hi + 0, A) = 
/;%° fX2dy - Midy, 

C2m-l(f>m+l {hm + 0, A) + C2mXm+l {hm + 0, A) — C2m+2Xm+l {hm + 0, A) = 

— ZJZTTm — J/i™+o IXm+iay J/i™_i+o .fPrnay, 

{hm + 0, A) + C2 {hm + 0, A) — C2m+2Xm+l {hm + 0, A) — 

t^+i(A) fXm+idy ^^j^^ jh^_,+o f't>mdy- 

(50) 

By using the definitions of solutions (a;, A) and Xi (a;,A) {i = l,rn+ 1), the 
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following relation is obtained for the determinant of this linear equation system: 



(t)2ihi+0,X) -(/)2 (/ii + 0, A) 
<f>'2{hi+0,X) -?!)'2 (/ii + 0, A) 









m+1 
i=2 



h {h2 + 0, A) 
cj)'^ (/i2 + 0,A) 










(t)m+l {hm + 0, A) Xm+1 {hm + 0, A) 
C+l(^m+0,A) Xm+l(^m + 0'^) 



-Xm+1 {hm + 0, A) 
-Xm+1 {hm + 0, A) 



As this determinant is different from zero, the solution of (50) is unique. If 
we solve the system (50), we get the following equality for the coefficients 

1, (-/3, L/4, 05, Og, <-/2m, L'2m+2- 



C3 



1 Z"'*^ 1 
W2 (A) (A) 

(A) A, wi (A) y_i 



W3 



idy, 



C- 



2m+2 



1 z"'*™ 1 

i^m (A) Wm-i (A) Jh^_^ 



Finally, by substituting the coefficients Cj (i = 1, 2m + 2) in (47), the following 
formulas are obtained for the resolvent U {x, A): 

^/^/xidy + ^AMrfy+ 



^il::.fx2dy+ 



^l!:'fX2dy + ^jlf^2dy+ 



^/^/x3rfy + ^/_'i/</'idy, xG{h„h,). 



'-^^ i: fXm+idy + 2^^^ f<f>m+idy+ 



%dy 



k "^-2 f^m-idy, X €{h 



Let 



(l){x) = i 



4>i{x), X e [-1, hi) , 
>2{x), xe{hi,h2), 



, X{x) 



. <Pm+l{x), X e {hmA], 



Xi{x), xe[-l,hi), 
X2{x), xe{hi,h2), 

, Xm+1 (a;), X G (/lm,l]- 
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Then 



U{x,X) = ^ f fx,dy+^f f<l>idy, z = ly^m. (51) 

['^) Jx I'^J J-1 

Thus the resolvent of the boundary- value transmission problem is obtained. We 
can find the Green function from the resolvent (51). Namely, denoting 



'l<y<x<l, xj^hi,h2, y^hi,h2 



we can rewrite the resolvent (51) in the next form 

U{x,\) = j G{x,y;\)f{y)dy. 
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